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We describe the presence of wavefront dislocations in magnetohydrodynamic waves in stratified
stellar atmospheres. Scalar dislocations such as edges and vortices can appear in Alfve´n waves, as
well as in general magneto-acoustic waves. We detect those dislocations in observations of magne-
tohydrodynamic waves in sunspots in the solar chromosphere. Through the measured charge of all
the dislocations observed, we can give for the first time estimates of the modal contribution in the
waves propagating along magnetic fields in solar sunspots.
2FIG. 1. Depictions of the wavefronts of a wave propagating upwards and carrying a vortex dislocation (left) and an edge
dislocation(right). In the vortex case the phase is singular along the axis of the helix, while in the edge it is singular along the
folding axes of the iso-phase (modulo 2pi) surface.
Wavefront dislocations are singularities of the phase of the wave [1]. At any given time and space position we can
always describe the wave as Aeiχ where A, the amplitude, and χ, the phase, are real quantities. However the wave
equations, as demonstrated by [1], allow the possibility that, at certain positions and times, the phase χ is singular
and not defined. To preserve the properties of the wave, the amplitude at that point and time has to be identically
zero. When such a dislocation appears in a wave, the topology of the wavefront is analogous to that of dislocations
in a crystal [2], hence the use of the same word to refer to these wave features. Following this analogy, the two main
classes of crystal dislocations are also found in wavefront dislocations, and the same names - vortices and edges - are
kept to refer to them. Figure 1 shows examples of wavefronts in an upward propagating wave for the most simple case
of respectively a vortex and an edge dislocation. Dislocation-carrying waves have interesting properties. An example
of the changing properties of these waves is the integral
∮
C
~∇χ · d~r
over a closed circuit. For any finite combination of plane waves, the phase is well defined at every point enclosed by
the circuit C and Stokes’s theorem indicates that the integral is zero. But in the presence of a singularity, Stokes’s
theorem fails and the integral above becomes nπ, where n is an integer that is sometimes called the charge of the
dislocation. This charge associated with any dislocation is actually a conserved quantity of the wave, and once a wave
is found to carry a given charge it should conserve it, unless the wave is dissipated or collides with another wave with
a different charge [3]. The conservation of the charge of the wave can be seen to survive even when a change in the
medium converts it into a shock wave [4]. Dislocations are therefore highly resilient features of a wave.
Wave dislocations as introduced by [1] have been studied on surface water and analogous quantum mechanical
waves[5] and sound waves[1, 4]. Interest in them has grown recently since the discovery of vortex dislocations in light.
But dislocations are general features of waves and one would expect them to be found also in magnetohydrodynamic
waves. We intend here to study their existence and properties in magnetohydrodynamic waves travelling through
stellar atmospheres [6, 7]. Although many of the properties of the dislocations found are probably general, we are
going to limit this study to the case of waves in an isothermal non-stratified plasma where the magnetohydrodynamic
approximation applies, as is the case in many stellar atmospheres, particularly in the solar photosphere, with the
only addition of stratification. Observation of magnetohydrodynamic waves in the solar photosphere already provides
examples of dislocations that can now be correctly interpreted and analysed.
Plane waves are not an appropriate family of solutions for describing dislocations, so we must rely on other families
of solutions of the wave equation. Some of them actually carry dislocations in each component. One example appears
when solving the wave equation for cylindrical boundary conditions when the Bessel function times and azimuthal
phase component appear as the appropriate family of solutions for the wave.
After this general reminder of the concept of wave dislocation, our approach is going to be a straightforward one:
We address a differential equation for magnetohydrodynamic waves in a static stellar atmosphere and we will test
whether waves carrying dislocations are solutions to this equation. The equation we chose to address is Eq. 4.14 from
Priest [8]:
∂2~v
∂t2
= c2S
~∇(~∇ · ~v) +
[
~∇× (~∇× (~v × ~B0))
]
×
~B0
µρ0
, (1)
3where ~v is the velocity perturbation introduced by the wave into the plasma, ~B0 is the background
magnetic field, assumed constant in space and time, cS the speed of sound in the medium, ρ0 the density and µ
the vacuum permeability. This equation describes magnetohydrodynamic waves in a homogeneous, isothermal
medium. Although it is not the most general equation for waves in a magnetized atmosphere, it has the advantage
of relative simplicity while still capturing many of the physical phenomena related to those waves. We aim to find
solutions that are valid in at least a small enough region around the phase singularity which defines the dislocation,
though perhaps not in the total volume. By requiring such test solutions to be valid in a finite region rather than in the
full domain we avoid the problems related to the total energy carried by such waves and can also afford to assume many
quantities, such as the magnetic field being constant over the region of validity. Again, this simplifies our computations
but it also allows us to justify such an approximation, since we can always assume that, independently of how the
magnetic field varies in the full atmosphere, there is always a small enough region where it can be approximated by
a constant value.
As it is usual when considering such a wave equation, we distinguish between two cases. In the first one we study
Alfve´n waves, which are incompressible transverse waves propagating at the Alfve´n speed. In the second
case we address magneto-acoustic waves that have a longitudinal wave component. One can further distinguish
between fast and slow waves among these magneto-acoustic waves by their phase velocity, but we will not enter into
such distinctions in this article. We will eventually restrict ourselves to the particular case where the direction of
propagation of the wave is parallel to the magnetic field, a case in which observations of waves in the solar atmosphere
are easier to interpret. We will refer to that direction as vertical henceforth.
In the case of both Alfve´n and magneto-acoustic waves, we try solutions carrying either an edge or a vortex
dislocation, as those shown in Figure 1. A simple mathematical description of these dislocations for waves solution of
the scalar wave equation propagating in a given direction z (x and y being the coordinates in the transverse
plane) has been given by [9]:
• Edge dislocation: v = A(kx + iβkζ)eikζ , where A and β are real constants, k is the wavenumber, assumed to
be constant, and ζ = z − ct, where c is the speed of the wave, either the Alfve´n speed or the speed of sound.
• Vortices: v = A(kx± iky)meikζ , where m is an integer, usually called the topological charge of the dislocation.
It is important to stress that the above expressions define scalar, not vector, waves. On the other hand, Eq. 1 is
a wave equation for a vector quantity, the velocity ~v. We therefore need to define how the scalar solution is related
to the vector ~v. In the case of Alfve´n waves this is straightforward since, due to the definition of those waves, they
are actually polarized waves for which the scalar solution can be used for the components of the velocity in the plane
transverse to the direction of propagation. The case of magneto-acoustic waves, on the other hand, requires solving
for two components of the velocity vector. Because of the comparison with real observations of waves in the solar
atmosphere that will be made below, we impose the scalar solution with a dislocation to the vertical component of
the velocity perturbation and check for consistency of solutions in all three components, with positive results.
Both the Alfve´n and magneto-acoustic cases accept edges and vortices as solutions in the conditions specified, and
this is the first result from this study. Although we have introduced several simplifications to allow easy interpretion
of real observations in the rest of the paper, dislocations become more common only as the wave equation becomes
more complex. An example of this is electromagnetic waves, for which scalar dislocations analogous to those studied
in this paper are just a particular case of the more general vector dislocations that appear when one considers the
polarization of light [10]. Therefore, we do not anticipate any serious concern regarding dislocations being a solution
under less restrictive conditions than those described here.
To stress this point, it is interesting to consider the situation of a magnetic flux tube with diameter comparable
to the wavelength. These cases have been amply studied in the literature because of their obvious importance in the
study of waves in magnetized stellar atmospheres [11–13]. The many investigations of those particular conditions all
use the previous equation or analogous ones to describe the waves and impose continuity conditions on the physical
variables (such as gas pressure and density) at the walls of the flux tube. The cylindrical constraint imposed by such
continuity conditions and the geometry of the flux tube suggest as solutions for the longitudinal component of the
velocity waves propagating along the axis of the cylinder whose amplitude is written in terms of Bessel functions for
the radial dependence times an azimuthal dependence in eimθ, where θ is the azimuthal coordinate in the transverse
plane and m is the order of the Bessel function. Those solutions naturally carry a vortex dislocation at r = 0, in
the axis of the flux tube, with a topological charge equal to the order m of the Bessel function and the azimuthal
dependence. This is one of those families of solutions to the wave equation that, unlike plane waves, carries dislocations
in every component. It has been customary[11, 14] to call solutions with m = 0 and no dislocations sausage modes,
while solutions with m = 1 carrying a vortex dislocation are referred to as kink modes.
4FIG. 2. Velocity in the line of sight measured as the Doppler shift of an atomic spectral line measured in the solar chromosphere
across a sunspot over 2000 seconds. Magneto-acoustic waves are seen with typical periods of 3 minutes.Observations by [15]
We now turn our attention to the direct observation of dislocations in magnetohydrodynamic waves in stellar
atmospheres. Figure 2 shows a typical observation of magnetohydrodynamic waves in a sunspot[15]. It shows the
Doppler shift (given in terms of velocity along the line of sight) of a spectral line forming in the solar chromosphere
as a function of time and along a line (the slit of the spectrograph) passing through a sunspot. A wave with a typical
period of around 3 minutes is seen over almost the whole width of the sunspot. Since the observation was made when
the sunspot was near the centre of the solar disc, the line of sight coincides with the local vertical and the wave is
made of velocity oscillations along this direction. We have no information about possible oscillations in the other
components of the velocity vector. However, we know that the magnetic field is predominantly vertical in the centre
of the sunspot, and that, in consequence, the velocity oscillations seen in the figure are oscillations along the magnetic
field vector. These arguments suggest that the figure shows a magneto-acoustic wave propagating with the speed of
sound and falling into the cases we studied in detail above.
During the more than 2000 seconds of the observation we observe around 14 periods, about half of them presenting
dislocations of one kind or another. Perhaps the clearest cases are the forks around second 1700 and also the gliding
dislocation occurring between 1300 and 1600 seconds, a mixture of edge and vortex that we should mathematically
describe below. The identification of those patterns as dislocations follows from the identification of the amplitude
modulation as due to the phase of the wave, which is the straightforward interpretation of the signal.
After the above theoretical analysis, we know that both edge and vortex dislocations are allowed for the waves
in Fig.2 that are assumed to be the longitudinal component of a magneto-acoustic wave propagating parallel to the
magnetic field of the sunspot. To help us characterize the observed dislocations we will propose a wave solution in
cylindrical coordinates of the form
vz = A(kr
meimθ + βeiδkζ)eikζ ,
where all the symbols retain the meaning given above, z represents the vertical direction, and we have introduced
a phase δ and a relative amplitude ratio β between the two contributions to the wave amplitude. This proposed
solution for vz allows us, by varying these phase and relative amplitudes, to produce all sorts of dislocations: a vortex
appears whenever β = 0 with different charges m, and a pure edge when β 6= 0 and δ = π/2. The gliding dislocation
mentioned above appears easily by putting δ = 0. Figure 3 shows four examples of simulated observations like those
in Fig. 2 with different combinations of β and δ. The first example on the left is a vortex with β = 0 characterized by
its constancy in time, in abscissas. The second and third examples are pure edges with δ = π/2 and two values of β.
These three cases are actually cuts of the 3-dimensional wavefronts illustrated in Fig. 1 along a vertical plane. The
last example on the right is a gliding dislocation, made by setting δ = 0. The dislocation is seen to move spatially
(along the ordinates) with a certain speed with respect to the wave phase speed set by the value of β: the dislocation
is surfing or gliding the wave.
For completeness, we also compute the transverse velocity components corresponding to the solution proposed for
vz. Eq.1 can be rewritten as a coupled system of three equations:
∂2vz
∂t2
= c2S
∂
∂z
1
r
[
∂
∂r
(rvr) +
∂
∂θ
vθ
]
+ c2S
∂2
∂z2
vz
5FIG. 3. Four examples of dislocations as would be observed by an instrumental setup such as that used for the observations
of waves in solar sunspots in Figure 2. In the for images, time runs horizontally and the vertical axis is the spatial direction
along a simulated slit accross the sunspot. Starting on the left the figures show a vortex (δ = pi
2
and β = 0), two edges (δ = pi
2
and β = 0.4 and 1) and one gliding dislocation (δ = 0 and β = 0.9).
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with vA =
B0√
µρ0
the Alfve´n speed.
We propose the solution for vz given above and, if we assume that the transverse divergence of the horizontal
velocity is zero,
~∇T · ~vT =
1
r
[
∂
∂r
(rvr) +
∂
∂θ
(vθ)
]
= 0,
a condition automatically verified by Alfve´n waves, but not necessarily for magneto-acoustic ones, it is stragihtforward
to show that
vr =
c2S
v2A − c
2
S
i
A
k
mrm−1eimθeikζ
vθ = −
c2S
v2A − c
2
S
A
k
mrm−1eimθeikζ = ivr
as long as vA 6= cS . In the general magneto-acoustic case in which the transverse divergence ~∇T · ~vT is not zero,
expressions are more elaborate but it is relatively straightforward to give a solution for this transverse divergence as
~∇T · ~vT = A(kr
meimθ + βeiδkζ)eikζ
of the same form as vz.
Using the above solution for vz, we can reproduce all the observed dislocations in Figure 2. Most of them appear
to be of the case with a δ = π/2 phase difference between both components, prompting the question about what in
the solar atmosphere favours such case. But we can also see cases with δ = 0, the most conspicuous of which being
the gliding dislocation referred to above. In all cases, including other observations studied and not shown here, there
appears to be no contribution from waves with m > 1, and the only excited waves are those with m = 1 and m = 0.
The use of the azimuthal number m and the radial functions can be misleading. Although a sunspot can be
considered as a large magnetic flux tube, its scale is much larger than the wavelength and therefore more often than
not the wave is formed and propagated with no influence from the sunspot’s cylindrical boundaries. Because of this
we have avoided the use of the words kink and sausage to refer to the m = 1 and m = 0 modes identified in the waves
thanks to the observed dislocations. The above solution for vz is a solution of the wave equation with no reference
to particular geometries and/or boundary conditions, and the observations suggest that those waves do propagate in
the real solar atmosphere independently of any cylindrical geometry. So it is legitimate to write such a solution and
to characterize those waves by their m number.
A second interesting point to be stressed is that the waves we identify through the observed dislocations are the
coherent addition of modes with m = 0 and m = 1 with definite phase relationships. That is, these are not waves
which can be formed by the incoherent addition of two physically unrelated waves. The two modes are excited by the
same physical mechanism and evolve in a coherent manner in their propagation through the solar atmosphere.
6SUMMARY AND CONCLUSIONS
We have shown that magnetohydrodynamic waves such as those found in stellar atmospheres present phase singu-
larities or dislocations, in a similar way as previously found for sound and electromagnetic waves. In the simplified case
of an isothermal atmosphere both Alfve´n and magneto-acoustic waves can carry scalar dislocations of either the edge
or vortex kind. We have re-examined observations of the longitudinal component of the velocity in magneto-acoustic
waves in sunspots and found the signature of dislocations. We identify these predominantly as edges and gliding
edges. Such dislocations can easily be described as the coherent addition of two modes, one without dislocations
characterized by an azimuthal number m = 0 and the other carrying a vortex dislocation (m = 1). The phase and
amplitude relations between both modes describe all observed dislocations with a predominant phase difference of
π/2. The observations show that at least half of the observed periods carry dislocations, and we conclude that the
excitation of those two modes with the fixed phase relation between them should be a favoured behaviour of the wave
excitation mechanism.
The other half of the observed periods either carry no dislocation or it was missed by the position of the slit or the
height of formation of the spectral line observed. We can therefore only set a lower bound of 50% on the number of
wave periods carrying a dislocation of the type m = 1. Although it is known from theory that modes with m = 1 and
m = 0 are the most likely to be excited. This is the first time, to our knowledge, that such a result has been verified
observationally.
Other than the presence of dislocations in MHD waves, we wish to stress as a result of this work the importance
of the observation of dislocations in observed waves, as in the Sun, to determine the nature and modal properties of
those waves. An example of such diagnosing capabilities has been given here by determining from observations that
at least 50% of the wave periods correspond to a wave with an m = 1 component.
We have not addressed what the mechanisms might be that generate such dislocations. In many cases, a cylindrical
boundary is enough to generate a vortex dislocation. Flux tubes in the solar atmosphere must therefore be prone to
show dislocations in the waves that propagate along them. It has also been found that a wave propagating through
a fluid with non-zero vorticity adquires an edge dislocation [5]. It is tempting to think that edge dislocations in solar
waves can also be a tracer of regions with high vorticity along the wave path and use them to determine the vorticity
in the solar atmosphere. Finally, it is also known that vortex dislocations carry torque and that this torque can be
transferred to an absorbing medium [16–19]. In the solar atmosphere the torque that might be transferred to the
solar coronal plasma by upward propagating waves could have interesting implications in the dynamics of the corona.
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